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1 Consider the b, c ghost action

Sgh =
1

2π

∫
d2σ
√
g
(
bαβ∇αcβ

)
. (1.1)

Recall that bαβ is traceless, i.e. bαβg
αβ = 0. Compute the stress-energy tensor as follows.

(a) Show that under a metric variation, the Christoffel symbols transform as

δΓαβγ = −gρ(β∇γ)δgαρ +
1

2
gβρgγσ∇αδgρσ . (1.2)

(b) Introduce a Lagrange multiplier into the action (1.1) to enforce tracelessness of bαβ. Now
vary the action with respect to gαβ to show that

Tαβ = − 4π
√
g

δSgh
δgαβ

= gαβbγδ∇γcδ − 2bγ(α∇β)cγ + cγ∇γbαβ . (1.3)

Confirm that (1.3) is traceless as required by Weyl invariance.
Hint: To find Tαβ, you need to solve for the Lagrange multiplier.

(c) Show that (1.3) reduces to the stress-energy tensor met in the lectures in flat gauge:

T = 2 (∂c) b+ c∂b ,

T̄ = 2
(
∂̄c̄
)
b̄+ c̄∂̄b̄ .

(1.4)

2 Apply the BRST formalism to the string, as you did in question 2 of exercise sheet 8 for the
point particle. In particuar, consider infinitesimal diffeomorphisms and Weyl transformations
in a basis such that

δσα
1
Xµ = −δ (σα1 − σα) ∂αX

µ ,

δωX
µ = 0 ,

δσα
1
gβγ = −δ (σα1 − σα) ∂αgβγ − gαγ∂βδ(σα1 − σα)

− gαβ∂γδ(σα1 − σα) ,

δωgαβ = −2gαβ ,

(2.1)

where there is no sum over repeated indices.

(a) Confirm that this gives the right transformation laws for infinitesimal diffeomorphisms

δεX
µ =

∫
d2σ1ε

α(σ1)δσα
1
Xµ ,

δεgαβ =

∫
d2σ1ε

γ(σ1)δσγ
1
gαβ .

(2.2)
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(b) Show that the only non-zero structure constants for the gauge transformations are given by

fσ
γ
3
σα
1 σ

β
2

= δ(σα3 − σα1 )∂αδ(σ
β
3 − σ

β
2 )δγβ − δ(σ

β
3 − σ

β
2 )∂βδ(σ

α
3 − σα1 )δγα , (2.3)

where there is no sum over α or β.

(c) Show that the BRST transformations reduce to

δBRSTX
µ = iθcα∂αX

µ ,

δBRSTgαβ = iθ
(
cγ∂γgαβ + 2gγ(α∂β)c

γ + 2c̃gαβ
)
,

δBRSTbαβ = θBαβ ,

δBRSTB
αβ = 0 ,

δBRSTc
α = iθcβ∂βc

α ,

δBRSTc̃ = 0 ,

(2.4)

where cα are the reparameterisation ghosts and c̃ is the Weyl ghost.

(d) Use the gauge fixing condition Fαβ → gαβ − δαβ to show that the ghost and gauge fixing
actions are given by

S3 = −2

∫
d2σ
√
g
(
bαβ∇αcβ + bαβgαβ c̃

)
,

S2 = i

∫
d2σ
√
gBαβ(gαβ − δαβ) .

(2.5)

(e) Integrate out the Bαβ field and use the gαβ equation of motion to simplify the BRST
transformations to

δBRSTX
µ = iθcα∂αX

µ ,

δBRSTc
α = iθcβ∂βc

α ,

δBRSTbαβ = −iθ
(
Tαβpoly + Tαβghost

)
.

(2.6)

3 Consider the state corresponding to the operator

O(z, z̄) = : c(z)c̄(z̄)V (m)(z, z̄) : , (3.1)

where V (m) is an operator of the matter CFT.

(a) Show that if V (m) is a primary operator of weight (h, h̃) = (1, 1), then the state correspond-
ing to O(z, z̄) is BRST-closed.

(b) Show that if V (m) is a primary operator of weight (h, h̃) = (1, 1), then the operator

V =

∫
d2zV (m)(z, z̄) , (3.2)

is also BRST-closed. Interpret this in terms of conformal invariance of the operator V(z, z̄).
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(c) What are the conditions for

O(z, z̄) = : c(z)c̄(z̄)ζµν∂X
µ∂̄Xνeip·X(z, z̄) : , (3.3)

where ζµν is a constant “polarisation” tensor, to be BRST-closed?

(d) Consider the operator
λ(z, z̄) = : c̄(z̄)ζν ∂̄X

νeip·X(z, z̄) : , (3.4)

with ζ a constant tensor satisfying p · ζ = 0. Show that

[QB, λ(z, z̄)] = i : c(z)c̄(z)pµζν∂X
µ∂̄Xνeip·X(z, z̄) : . (3.5)

What does this result imply for the polarisation tensor ζµν in (3.3).

(e) Consider the operators (3.3) corresponding to the graviton, Kalb-Ramond field and the
dilaton, respectively. What does the above results imply for the gauge symmetries of these
fields?
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