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Exercise Sheet 9
1 Consider the b, ¢ ghost action
Syn = % /d%\/ﬁ (basve”) . (1.1)
Recall that b,g is traceless, i.e. baggaﬁ = 0. Compute the stress-energy tensor as follows.

(a) Show that under a metric variation, the Christoffel symbols transform as
1
L%y = =96V 1)09" + 5989970V "9 . (1.2)
(b) Introduce a Lagrange multiplier into the action (1.1) to enforce tracelessness of b,3. Now

vary the action with respect to ¢®® to show that

_ A7 05
af \/g 5gaﬁ

Confirm that (1.3) is traceless as required by Weyl invariance.
Hint: To find T3, you need to solve for the Lagrange multiplier.

= gapbysV7” = 20, V)" + TV bags. (1.3)

(c) Show that (1.3) reduces to the stress-energy tensor met in the lectures in flat gauge:

T =2(8c) b+ cob
T 2ggnt e, (14)
T =2(0¢) b+ cob.

2 Apply the BRST formalism to the string, as you did in question 2 of exercise sheet 8 for the
point particle. In particuar, consider infinitesimal diffeomorphisms and Weyl transformations
in a basis such that

Sou X = =5 (03 — 0%) D X,

dwXH* =0,
000 9sy = —0 (07 — 0%) 0agpy — Jar0pd(0] — %) (2.1)
— gap0yd(of — o),
dwdap = —29ap ;

where there is no sum over repeated indices.

(a) Confirm that this gives the right transformation laws for infinitesimal diffeomorphisms

0 XH = /dzalea(al)(%?X“,
(2.2)
5690{5 = /d20167(01)5039a5~
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(b) Show that the only non-zero structure constants for the gauge transformations are given by

17 pags = 0(08 = 01)0ab(0} — 03)8} — 8(0% — 93)58(05 — 017, (2.3)

where there is no sum over « or .

(c) Show that the BRST transformations reduce to

Sprsr XP = 00, X" |

0BRSTYap = 10 (¢70vgap + 201(a0p)¢” + 2¢9as)
0BRsTbap = 0B7 |

SgrsTB* =0,

OBrsTC® = i@cﬁaﬁca ,

(2.4)

oBrsTC =0,

where c® are the reparameterisation ghosts and ¢ is the Weyl ghost.

(d) Use the gauge fixing condition Fi,3 = gop — dap to show that the ghost and gauge fixing
actions are given by

Sy = —2 / d2o\/g (baﬁvacﬁ n baﬁgaﬁe) ,

(2.5)
Sy =i / 26\ /GB (s — Oag) -

(e) Integrate out the B®” field and use the Jap equation of motion to simplify the BRST
transformations to

5BRSTXM :iecaaaX“,

(5BRSTCa = zﬂcﬁ@gco‘ y (26)
0BRSTDap = —if) (T;ﬁy + T;fist) :

3 Consider the state corresponding to the operator
O(z,2) =: c(2)e(Z)VM (2, 2) -, (3.1)
where V(™) is an operator of the matter CFT.

(a) Show that if V("™ is a primary operator of weight (h, h) = (1,1), then the state correspond-
ing to O(z, z) is BRST-closed.

(b) Show that if V(™ is a primary operator of weight (h, il) = (1,1), then the operator
V= / 22V (2, 7) (3.2)

is also BRST-closed. Interpret this in terms of conformal invariance of the operator V(z, 2).
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(c) What are the conditions for
O(2,2) =: ¢(2)E(2)(u0X X" P (2, 2) : (3.3)
where (,,, is a constant “polarisation” tensor, to be BRST-closed?

(d) Consider the operator ‘
A(z2) = d(Z)GAX e X (2,7) -, (3.4)

with ¢ a constant tensor satisfying p - ¢ = 0. Show that
(Qp,A\(2,2)] =i : c(2)E(2)puC,0XFOX P X (2,2) : . (3.5)

What does this result imply for the polarisation tensor ¢, in (3.3).

(e) Consider the operators (3.3) corresponding to the graviton, Kalb-Ramond field and the
dilaton, respectively. What does the above results imply for the gauge symmetries of these
fields?
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